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On Liouville theorem and the regularity of weak solutions
to some nonlinear elliptic systems of higher order
L. Balanda, E. Viszus
Abstract. The aim of this paper is to show that Liouville type property is a sufficient and
necessary condition for the regularity of weak solutions of nonlinear elliptic systems of the
higher order.
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Classification: 35J60, 35D10
Introduction.
In this paper, we shall deal with nonlinear elliptic systems. More precisely, we
shall consider the following problem.









, n, k ∈ N. We shall study the weak solutions








i = 1, . . . , N ; x ∈ Ω, k ≥ 1,
γ(u) = {Dαui : i = 1, . . . , N ; |α| ≤ k}.
By a weak solution of (0.1) we mean a function u ∈ [Hk(Ω)]N (Hk(Ω) ≡ Hk,2(Ω)

















αϕi dx, ϕ ∈ [D(Ω)]N .
The authors are indebted to Professor J. Nečas for the very valuable advice concerning the
paper
616 L.Balanda, E. Viszus
We shall suppose that:
aiα ∈ C













(x, η) ∈ (Ω× RN̺(n,k)), ξ ∈ RNσ(n,k), ξ 6= 0.
f iα ∈ H
1,pα(Ω), pα =
p
k − |α|+ 1
, where p > n,(0.5)
p ≥ 2(k + 1), i = 1, . . . , N, |α| ≤ k.
Let us denote for M > 0, G > 0:
[M ] ={u ∈ [Hk,∞(Ω)]N : u solves (0.1) and ‖u‖[Hk,∞(Ω)]N ≤M},







‖f iα‖H1,pα(Ω) ≤ G}.
We shall use the notations
γ1(u) ={D
αui : i = 1, . . . , N ; |α| ≤ k − 1},
γ2(u) ={D
αui : i = 1, . . . , N ; |α| = k},
PNm ={(P1, . . . , PN ) : Pi — polynomial with deg(Pi) ≤ m,
i = 1, . . . , N}, m ≥ 0,
B(x0, R) ={x ∈ Rn : |x− x0| < R}.
Definition 0.6. The condition (L) of the Liouville type is satisfied for the sys-






0, ξ, γ2(v))) = 0, i = 1, . . . , N
with bounded derivatives of k-th order are polynomials of at most k-th degree (i.e.
v ∈ PNk ).
Definition 0.8. We say that the system (0.1) has a property of regularity (R) if
for ∀x0 ∈ Ω, ξ ∈ RN̺(n,k−1), M > 0 there exist η > 0, c > 0 and µ ∈ (0, 1) such
that every weak solution u (in Rn) of the system (0.7) with |Dαui| ≤ M , |α| = k,
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It will be proved in this paper that the property (L) implies the interior regularity,
i.e. if u is a weak solution to (0.1) then u ∈ [Ck,µ(Ω′)]N , where Ω′ ⊂⊂ Ω, µ ∈
(0, 1− np ).
It will be also shown that (R)⇒ (L).
These results generalize the results of [2], [3]. In [2], [3], the analogous assertions
are proved for nonlinear elliptic systems of the second order. The history of the
regularity problem and the Liouville’s property is described in [2], [3], [5].
1. Some lemmas.
By standard arguments (see [6]), we could prove
Lemma 1.1. Let u ∈ [Hk,∞(Ω)]N be a weak solution to the system (0.1) and let
(0.3), (0.4), (0.5) be satisfied. Then u ∈ [Hk+1loc (Ω)]
N .
In our next considerations, we shall use the result from [1]. This result concerns
















x ∈ Ω, i = 1, . . . , N,
with the following assumptions
Aiα
j





k − |α|+ 1













for all x ∈ Ω, ξ ∈ RN̺(n,k−1), ζ ∈ RNσ(n,k), ζ 6= 0.
If we denote
[M ′] ={u ∈ [Hk(Ω)]N ∩ [Hk−1,∞(Ω)]N : u is a solution to (1.2)
and u[Hk−1,∞(Ω)]N ≤M
′}, M ′ > 0,
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where u ∈ [Hk−1(Ω)]N , (Dαui)x0,R means the integral mean value D
αui in
B(x0, R), we shall state the following
Lemma 1.6. Suppose that u ∈ [M ′] and the right-hand sides of the system 1.2
belong to [G′]. Let (1.3), (1.4), (1.5) be satisfied. Let Ω′ be a domain such that
Ω′ ⊂⊂ Ω. Let
(1.7) lim
R→0+
inf U(x,R) = 0
uniformly with respect to x ∈ Ω′, u ∈ [M ′]. Then u ∈ [Ck−1,µ(Ω′)]N , µ ∈ (0, 1− np )
and the a-priori estimate
‖u‖[Ck−1,µ(Ω′)]N ≤ c(M
′, G′, A′,Ω′), c > 0,
holds uniformly with respect to the class [M ′] ∪ [G′].
This lemma (in a slightly generalized form) is proved in [1]. In [1], the problems
analogous to those in this paper are solved for quasilinear elliptic systems of higher
order. In both papers, the methods of proofs are based on the same idea. The
crucial point is to show that the Liouville property implies the assumption (1.7).
But the methods are technically different.
2. Main results.
Theorem 2.1. Let u ∈ [M ] and the right-hand sides of the system (0.1) belong
to [G]. Let Ω′ be a domain such that Ω′ ⊂⊂ Ω. Suppose that (0.3), (0.4), (0.5) and
the condition (L) be satisfied. Then there exists a constant c = c(Ω′,M,G) such
that




Proof: For all x0 ∈ Ω′ and R > 0, we define the transformation Tx0R : y =
Tx0R(x) =
x−x0
R . For u ∈ [M ] (u = (u










i = 1, . . . , N.
































Dαui(x0 +Ry) = Dαui
x0R
(y) a.e. in Ox0R, |α| = k.
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Bγ,α — constants which are related to the derivatives of “y
γ”. Let us choose
a number a > 0. Then there exists R0 > 0 such that for ∀x
0 ∈ Ω′ and 0 < R ≤ R0
B(0, 2a) ⊂ Ox0R. From (2.3) it follows that D
αui
x0R
, |α| ≤ k, i = 1, . . . , N , are
bounded uniformly with respect to x0 ∈ Ω′ and 0 < R ≤ R0. Clearly there exists
a constant t > 0 such that for all x0 ∈ Ω′ and 0 < R ≤ R0
(2.4) ‖ux0R‖[Hk(B(0,2a))]N ≤ t.
Putting Rk ϕi(x−x
0
R ) ∈ D(Ω) in (0.2) as a test function and using the transformation

























From Lemma 1.1 it follows that ux0R ∈ [H
k+1
loc (Ox0R)]







































































, λr = (0, . . . , 0, 1, 0, . . . , 0) ∈ R
n.)




(x0 +Ry)‖L2(B(0,2a)) ≤ c1(a)R
p−n
pα ·G.
Now putting in (2.6) ϕi = vi
x0R
χ2k, i = 1, . . . , N , where χ ∈ D(B(0, 2a)), 0 ≤
χ ≤ 1, χ = 1 on B(0, a) and using the standard argumentation ((0.4), uniform



































· χk) (Dαvix0R · χ
k) dy
and J ≤ c3 J
1
2 + c4, where c3, c4 > 0 are some constants.










2 dy ≤ J ≤ c5
for all x0 ∈ Ω′, u ∈ [M ], R ∈ (0, R0]. (2.4) and (2.8) imply that there exists
a constant c6 such that
(2.9) ‖ux0R‖[Hk+1(B(0,a))]N ≤ c6
for all x0 ∈ Ω′, u ∈ [M ] and R ∈ (0, R0].
















holds uniformly with respect to x0 ∈ Ω′ and u ∈ [M ]. Let us suppose the contrary.
Then there exists {xs}∞s=1 ⊂ Ω
′, xs → x ∈ Ω′, {Rs}
∞
s=1 ⊂ R
+, Rs → 0, {us}
∞
s=1 ⊂












2 dx ≥ ε.
Putting a = m,m ∈ N (N = {1, 2, . . .}) and using (2.9) and the diagonalization
process, we obtain a function P ∈ [Hk+1(B(0,m))]N such that for all m ∈ N:
usxsRs → P in [H
k+1(B(0,m))]N weakly,(2.12)
usxsRs → P in [H
k(B(0,m))]N ,(2.13)
DαuisxsRs → D
αP i a.e. in B(0,m),(2.14)
|α| ≤ k, i = 1, . . . , N.
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(2.3), (2.14) imply that there exists a constant τ > 0 such that
(2.15) |DαP i| ≤ τ, |α| = k, i = 1, . . . , N.
Now let ψ ∈ [D(Rn)]N . It is clear that there exist m,R1 such that suppψ ⊂
B(0,m) ⊂ Ox0R for all x
0 ∈ Ω′ and 0 < R ≤ R1.






































αψi| ≤ c7 R
k−|α|
s → 0, if s→ ∞.










αψi dy = 0.
From the imbedding Hk,∞(Ω) →֒ Hk,p(Ω) →֒→֒ Ck−1(Ω) it follows that
γ1(us(x
s +Rsy))→ γ1(P (x)), in B(0,m), s→ ∞,
γ2(us(x
s +Rsy)) = γ2(usxsRs(y))→ γ2(P (y)) a.e. in B(0,m), s→ ∞.














aiα(x, γ1(P (x)), γ2(P (y)))D
αψi(y) dy.
Now for i = 1, . . . , N , if |α| = k, then pα = p and H
1,p(Ω) →֒→֒ C(Ω). Using this







αψi(y) dy = f iα(x)
∫
B(0,m)
Dαψi(y) dy = 0.
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αψi(y) dy = 0.
If |α| < k, pα = n, then H
1,pα(Ω) →֒ Lq(Ω) for all q ≥ 1.





















s ·G→ 0 for s→ ∞.
If |α| < k, pα < n, then H




























s ·G→ 0 for s→ ∞.








aiα(x, γ1(P (x)), γ2(P (y)))D
αψi(y) dy = 0
for all ψ ∈ [D(Rn)]N .
From (2.15) and the condition (L) it follows that P ∈ PNk . (2.3), (2.11) and (2.13)
imply























αP i|2 dy = 0.
From this it follows that (2.10) holds uniformly with respect to x0 ∈ Ω′ and u ∈ [M ].
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and using the fact that u ∈ [M ], we obtain the assertion:



























x ∈ Ω, κ ∈ RNn̺(n,k−1), κ ∈ RNσ(n,k).
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It is a matter of routine calculation to verify the assumptions of Lemma 1.6 for the
system (2.27). (These assumptions hold uniformly with respect to all u ∈ [M ].)
Now from Lemma 1.6 it follows that there exists a constant c > 0 such that for
u ∈ [M ], u ∈ [Ck,µ(Ω′)]N and ‖u‖
Ck,µ(Ω′)]N ≤ c. 
By the standard method from [2], we shall prove
Theorem 2.28. Suppose that the system (0.1) has the property of regularity (R).
Then Liouville’s property (L) holds.











αϕi(x) dx = 0,
ϕ ∈ [D(Rn)]N ,
such that for M > 0
(2.30) |Dαui| ≤M, |α| = k, i = 1, . . . , N.




, i = 1, . . . , N.











αϕi(y) dy = 0.




|α| = k, i = 1, . . . , N, R > 0, y ∈ B(0, η), η > 0, µ ∈ (0, 1).
Now let us choose x ∈ Rn. Then there exists R0 > 0 such that yR =
x
R ∈ B(0, η)




, |α| = k, R ≥ R0,
i = 1, . . . , N.
For R tending to infinity, we have that u ∈ PNk . 
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[4] Fuč́ık S., John O., Kufner A., Function Spaces, Academia, Prague, 1977.
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842 15 Bratislava, Czechoslovakia
(Received May 31, 1991)
